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ABSTRACT
Star rotation offers us a large horizon for the study of many important physical issues pertaining to stellar evolution.
Currently, four methods are widely used to infer rotation velocities, namely those related to line width calibrations,
on the fitting of synthetic spectra, interferometry, and on Fourier transforms (FTs) of line profiles. Almost all
of the estimations of stellar projected rotation velocities using the Fourier method in the literature have been
addressed with the use of linear limb-darkening (LD) approximations during the evaluation of rotation profiles
and their cosine FTs, which in certain cases, lead to discrepant velocity estimates. In this work, we introduce new
mathematical expressions of rotation profiles and their Fourier cosine transforms assuming three nonlinear LD
laws—quadratic, square-root, and logarithmic—and study their applications with and without gravity-darkening
(GD) and geometrical flattening (GF) effects. Through an analysis of He i models in the visible range accounting
for both limb and GD, we find out that, for classical models without rotationally driven effects, all the V sin i values
are too close to each other. On the other hand, taking into account GD and GF, the V sin i obtained with the linear
law result in V sin i values that are systematically smaller than those obtained with the other laws. As a rule of
thumb, we apply these expressions to the FT method to evaluate the projected rotation velocity of the emission
B-type star Achernar (α Eri).
Key words: methods: observational – stars: activity – stars: atmospheres – stars: emission-line, Be –
stars: fundamental parameters – stars: individual (Achernar) – stars: rotation
1. INTRODUCTION
Stellar rotation is a crucial and astonishing issue that has been
facing astrophysics for decades. Knowledge of stellar rotation
velocity provides important clues on how stars are formed, their
internal processes, and how they would probably evolve.
The projected stellar rotation velocity can be inferred from a
number of methods. Currently, two important groups of tech-
niques are used: spectroscopy and interferometry. Interferome-
try provides a way to perform direct measurements of angular
sizes for some near objects (Domiciano de Souza et al. 2012;
Che et al. 2011; Monnier et al. 2007) and enables a reliable esti-
mation of critical velocities at the equator. Spectroscopic tech-
niques encompass FWHM calibrations of line profiles, the fit-
ting of synthetic spectra assuming a particular theoretical model
atmosphere (this approach is very time consuming), and mea-
surements of the positions of zero of the Fourier transforms
(FTs) of rotation profiles.
Carroll (1933) first realized the mathematical connection
between the positions of zero of the FTs of spectral lines and
the values of projected rotation velocities. According to Gray
(1976), it is feasible to derive quantities other than rotation
from this method, such as the micro-, macroturbulent velocities
and thermal profiles by treating their s on the line profiles as
convolution products.
Limb-darkening (LD) concerns the phenomenon of decreas-
ing intensity from the center to the edges in the image of a stellar
disk. For decades, it has been the subject of intensive research
due to its importance in several branches of astronomy such as
evaluating light curves of binary and variable stars, LTE and
non-LTE stellar spectral synthesis, and the analysis of exoplan-
etary transits among others (Howarth 2011; Fukue & Akizuki
2006; Neilson & Lester 2011, 2012, 2013). Apart from our Sun,
very few stars have had their LD coefficients directly measured
from their disks, as is done in the case of Betelgeuse using in-
terferometry (Burns et al. 1997); this is because the majority of
stars are either not big enough or not close enough.
Over several decades, many polynomial approximations have
been proposed for the LD of a stellar disk. Perhaps the most
simple of these used today is the linear LD law proposed by
Russell (1912) which is suitable for gray atmospheres.
Many other nonlinear extensions of this law applied to non-
gray atmospheres have been proposed over the years, among
which are the quadratic approximation by Kopal (1950), the
cubic law explored by Van’t Veer (1960) and quoted by
Dı´az-Cordove´s & Gime´nez (1992), the square-root relation
by Dı´az-Cordove´s & Gime´nez (1992), and the logarithmic
approximation proposed by Klinglesmith & Sobieski (1970).
In this work, we apply an FT with nonlinear LD laws to
study the line broadening behavior of neutral helium lines in
the star Achernar (HD 10144, α Eri, RA(J2000) 01 37 42.8,
DEC(J2000) −57 14 12.3,Mv 0.5). This object is an emission
line B-type star, known as a Be star, and shows variable emission
in Balmer lines and nonradial pulsations (Vinicius et al. 2006).
Based on interferometric observations, Domiciano de Souza
et al. (2012) pointed out that Achernar is rotating at around 95%
of the critical velocity.
We perform an FT analysis with linear and nonlinear LD
coefficients in nine neutral helium lines in the visible range of
the spectrum. Through a proper choice of the LD coefficients
in each spectral range, the position of the first zero of the FT of
the rotation profile gives the rotation velocity.
2. OBSERVATIONS
High-quality echelle spectra of Achernar (HD 10144, α
Eri) were carried out in the Southern Hemisphere with the
FEROS spectrograph associated with the 1.52 m telescope
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Table 1
Log of Spectroscopic Observations of Achernar
Epoch Telescope/Spectrograph No. of Spectra Wavelength Range
1999 Oct 20 ESO 1.52 m/FEROS 25 3560–9200 Å
1999 Oct 21 ESO 1.52 m/FEROS 9 3560–9200 Å
1999 Oct 22 ESO 1.52 m/FEROS 3 3560–9200 Å
1999 Oct 23 ESO 1.52 m/FEROS 15 3560–9200 Å
1999 Oct 24 ESO 1.52 m/FEROS 14 3560–9200 Å
Table 2
Log of Standard Stars of Rotation Velocity Used in the Analysis
Object V sin i Spectral Type No. of Spectra Catalog
HD 15371 5 B5IV 4 Uesugi & Fukuda (1982)
HD 16582 10 B2IV 4 Uesugi & Fukuda (1982)
HD 184279 245 B0.5IV 4 Uesugi & Fukuda (1982)
HD 198001 100 B9.5V 4 Uesugi & Fukuda (1982)
HD 205637 295 B3V 6 Uesugi & Fukuda (1982)
at ESO/La Silla in Chile (observations made with Brazilian
time through Fapesp grant no. 1998/10138-8). ESO spectra
have been taken with a spectral coverage of 3560–9200 Å,
with a typical signal-to-noise ratio (S/N) of ∼300, a spectral
resolution of R ∼ 48,000, and a reciprocal dispersion of
0.09 Å pixel−1, concerning the He i4471 Å line. The images
were processed through bias and overscan subtraction, followed
by the division of the stellar spectra by an average flat-field
exposure, compiled from all the flat fields taken during the night,
and finally, wavelength-calibrated with Th–Ar lamp spectra. All
this data reduction was accomplished using the IRAF1 package.
Information about the spectroscopic data is shown in Table 1.
The spectra have then been trimmed in order to get the mean
helium lines in the visible spectrum, namely, He i λλ3926, 4009,
4026, 4144, 4388, 4471, 4713, 4922, 5015 Å. For each helium
line, we proceeded to evaluate the mean line profile over all the
observational seasons, increasing the S/N, in order to derive the
rotation profiles for all the lines. This procedure has been done
since the Hα line profile did not show emission in epoch 1999,
as has been reported by Vinicius et al. (2006). Standard stars of
rotation velocity (V sin i ) were also observed during the same
season (Table 2).
3. ATOMIC DATA FOR NLTE LINE SYNTHESIS
In this work, the physical parameters with and without
gravity-darkening (GD) effects have been computed using
atomic non-LTE models for the synthesis procedure to account
for several elements from H up to Fe. Table 3 provides the
atomic species considered in the calculations, the number of
energy levels of each ion, the number of superlevels, and the
associated bibliographic entries.
The input atomic models for C i, N i, N ii, O i, O ii, Ar i,
Ar iv, and Ne ii were built with the MODION idl code (Varosi
et al. 1995) using line oscillator strengths, energy levels, and
photoionization cross sections from TOPBASE (Cunto et al.
1993) without superlevel packing. Ar ii has been constructed
considering two superlevels and Ar iii using 17 superlevels.
Updates with experimental energy levels from the Atomic and
Spectroscopic Database at NIST were performed whenever
1 IRAF is distributed by the National Optical Astronomy Observatory, which
is operated by the Association of Universities for Research in Astronomy
(AURA), Inc., under cooperative agreement with the National Science
Foundation.
Figure 1. Reference frame for the evaluation of LD laws and coefficients
(adapted from Gray 1976).
available (Kelleher et al. 1999). Atomic models of He i, C ii,
Mg i, Mg ii, Al ii, Si ii, Si iii, and S i have been taken from
Allende-Prieto et al. (2003) and the other atomic species have
been adopted from the TLUSTY webpage.
The spectral synthesis procedure is performed with the
SYNSPEC code of Hubeny et al. (1994a); Hubeny et al. (1994b).
Within the code, we adopt the solar composition by Grevesse
& Sauval (1998). Input non-LTE model atmospheres were
computed with the TLUSTY code (Hubeny 1988) assuming
plane-parallel geometry.
4. FOURIER TRANSFORMS OF ROTATION PROFILES
UNDER DIFFERENT LD LAWS
The FT method for evaluation of stellar rotation velocities
was first developed by Carroll (1933). Since then, it has become
a useful tool widely used by spectroscopists in the analysis of
stellar spectra. Usually, only the linear and the quadractic laws
are adopted when applying the Fourier method (Royer et al.
2007; Reiners & Schmitt 2002, 2003; Levenhagen & Leister
2006; Levenhagen et al. 2011; Levenhagen et al. 2013a, 2013b).
In the following subsections, we provide the mathematical
expressions for the rotation profiles and their Fourier cosine
transforms considering each of the LD laws (linear, quadractic,
square-root, and logarithmic) using the same notation adopted
by Gray (1976).
4.1. Linear and Quadractic LD Laws
Let us consider a rigid star that is spherically symmetric and
centered at the origin of an x, y, z reference frame with a radius
of R. Choosing the stellar rotation axis to lie in the yz plane
and the xy plane perpendicular to the line of sight along the z
axis, the aspect angle i is measured from the z axis to the axis
of rotation (Figure 1).
All the area elements on the stellar surface with the same x
coordinate also show the same wavelength shifts due to rotation
(Gray 1976):
Δλ = λ
c
xΩ sin i (1)
2
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Table 3
Energy Levels and Superlevels of Model Atoms Adopted in the Synthesis Procedures
Ion Energy Levels Superlevels Source Ion Energy Levels Superlevels Source
H 16 1 2 Mg i 71 . . . 3
He i 50 . . . 3 Mg ii 31 . . . 3
He ii 20 . . . 2 Al ii 81 . . . 3
C i 80 . . . 1 Al iii 19 4 2
C ii 40 . . . 3 Si i 16 6 2
C iii 34 12 2 Si ii 46 . . . 3
C iv 21 4 2 Si iii 74 . . . 3
N i 80 . . . 1 Si iv 19 4 2
N ii 50 . . . 1 P iv 14 . . . 2
N iii 25 7 2 Pv 12 4 2
N iv 34 14 2 S i 64 . . . 3
Nv 10 6 2 S ii 23 10 2
O i 50 . . . 1 S iii 29 12 2
O ii 70 . . . 1 S iv 33 5 2
O iii 28 13 2 Sv 20 5 2
O iv 31 8 2 Ar i 40 . . . 1
Ov 34 6 2 Ar ii 35 2 1
Ne i 23 12 2 Ar iii 27 17 1
Ne ii 50 . . . 1 Ar iv 25 . . . 1
Ne iii 22 12 2 Fe ii . . . 36 2
Ne iv 10 2 2 Fe iii . . . 50 2
Fe iv . . . 43 2
Fe v . . . 42 2
Note. 1—build-up in this work, using MODION; 2—models taken from Tlusty’s Web site:
http://nova.astro.umd.edu/Tlusty2002/tlusty-frames-data.html; 3—models taken from Allende-Prieto et al. (2003).
and the maximum broadening λL will take place at the stellar
limbs, where x = R = |R|:
ΔλL = λ
c
v sin i, (2)
where Ω = || is the angular rotation velocity, v = |v| is the
rotation velocity at the stellar equator, and c is the speed of light.
In order to ease the notation, let us represent the wavelength
difference Δλ by α and ΔλL by αL.
It was realized (Russell 1912; Kopal 1950) that polinomial
approximations are effective in reproducing the intensities over
a stellar spectrum. By definition, the rotation profile can be
written as (Gray 1976):
G(α) = 1
αL
∫ y1
−y1I (μ)
dy
R∮
I (μ) cos(θ )dΩ , (3)
where y1 = R[1 − (α/αL)2]1/2 (Gray 1976). As cos θ can be
described with Cartesian coordinates x, y and radius R, we
have sin θ =
√
x2 + y2/R and cos θ =
√
R2 − (x2 + y2)/R.
In this expression, αL = V sin i and I (μ) is the angle-dependent
specific intensity.
Departing from the quadratic LD law by Kopal (1950):
I (μ) = I (1) [1 − ε(1 − μ) − ω(1 − μ)2] , (4)
where I (μ) is the angle-dependent specific intensity, I (1) is the
central intensity, ε and ω are the LD coefficients, and μ = cos θ
is the cosine of the angle between the normal direction in
the atmosphere and the direction of beam propagation. The
numerator of the expression of G(α) is given by∫ y1
−y1
I (μ)dy
R
= 2I (1)
∫ y1
0
[(1 − ε) + ε cos θ − ω
+ 2ω cos θ − ω cos2 θ ]dy
R
= 2I (1)
[ ∫ y1
0
(1 − ε)dy
R
+ ε
∫ y1
0
cos θ
dy
R
− ω
∫ y1
0
dy
R
+ 2ω
∫ y1
0
cos θ
dy
R
− ω
∫ y1
0
cos2 θ
dy
R
]
.
All these integrals are straightforward, but the last one needs
a change of variables. As cos θ =
√
R2 − (x2 + y2)/R, then
∫ y1
0
cos2 θ
dy
R
=
∫ y1
0
R2 − (x2 + y2)
R3
dy
= y1
R
− x
2
R3
y1 − y
3
1
3R3
.
Solving and rearranging the terms yields
∫ y1
−y1
I (μ)dy
R
= 2I (1)(1 − ε − ω)
(
1 −
(
α
αL
)2)1/2
+ I (1) (επ + 2ωπ )
2
(
1 −
(
α
αL
)2)
− 4
3
I (1)ω
(
1 −
(
α
αL
)2)3/2
.
On the other hand, the flux integral for the quadratic law is
written as
F +ν =
∮
I (μ) cos(θ )dΩ = 2π
∫ π/2
0
I (1)[(1 − ε) + ε cos θ
− ω(1 − 2 cos θ + cos2 θ )] cos θ sin θdθ
3
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F +ν = I (1)π
(
1 − ε
3
− ω
6
)
.
Combining these expressions will result in the equation for
the quadratic rotation profile:
G(α) = c1
αL
[
1 −
(
α
αL
)2]1/2
+
c2
αL
[
1 −
(
α
αL
)2]
+
c3
αL
[
1 −
(
α
αL
)2]3/2
, (5)
where the coefficients are given by
c1 = 2
π
(
1 − ε − ω
1 − ε3 − ω6
)
(6)
c2 = 12
(
ε + 2ω
1 − ε3 − ω6
)
(7)
c3 = − 43π
(
ω
1 − ε3 − ω6
)
. (8)
The cosine FT of the rotation profile can be calculated as
F(G(α)) =
∫ 1
−1
G(α) cos 2πσαdα
F(G(α)) = 2c1
∫ 1
0
(1 − α2)1/2 cos 2πσαdα
+ 2c2
∫ 1
0
(1 − α2) cos 2πσαdα
+ 2c3
∫ 1
0
(1 − α2)3/2 cos 2πσαdα
F(G(α)) = c1 J1(2πσ )2σ + c2
1
π2σ 2
(
sin 2πσ
2πσ
− cos 2πσ
)
+ c3
3
4πσ 2
J2(2πσ ), (9)
where σ (in units of cycle/Å) is the Fourier coordinate
associated with the wavelength α coordinate.
Departing from the expressions of the quadratic LD coeffi-
cients c1, c2, and c3, if we take ω = 0 in these expressions, we
will arrive at the linear LD coefficients:
c1 = 2
π
(
1 − ε
1 − ε3
)
(10)
c2 = 12
(
ε
1 − ε3
)
(11)
and the linear rotation profile will be given simply by
G(α) = c1
αL
[
1 −
(
α
αL
)2]1/2
+
c2
αL
[
1 −
(
α
αL
)2]
. (12)
The cosine FT of the linear profile will be
F(G(α)) =
∫ 1
−1
G(α) cos 2πσαdα
F(G(α)) = 2
[
c1
∫ 1
0
(
1 − α2)1/2 cos 2πσαdα
+ c2
∫ 1
0
(
1 − α2) cos 2πσαdα].
Assuming that (Gradshteyn & Ryzhik 1965)∫ 1
0
√
1 − α2 cos aαdα = π
2a
J1(2πσ )
and∫ u
0
(u2 − α2)ν− 12 cos aαdα =
√
π
2
(
2u
a
)ν
Γ(ν + 1
2
)Jν(au)
with u = 1, a = 2πσ and ν = 3/2, then
F(G(α)) = c1 J1(2πσ )2σ + c2
1
π2σ 2
(
sin 2πσ
2πσ
− cos 2πσ
)
.
(13)
4.2. Square-root LD Law
Let us now suppose the square-root LD approximation by
Dı´az-Cordove´s & Gime´nez (1992):
I (μ) = I (1)[1 − ε(1 − μ) − ω(1 − √μ)], (14)
then we have∫ y1
−y1
I (μ)dy
R
= 2I (1)
∫ y1
0
[(1 − ε) + ε cos θ
− ω + ω
√
cos θ ]dy
R
∫ y1
−y1
I (μ)dy
R
= 2I (1)
[ ∫ y1
0
(1 − ε)dy
R
+ ε
∫ y1
0
cos θ
dy
R
− ω
∫ y1
0
dy
R
+ ω
∫ y1
0
√
cos θ
dy
R
]
.
All the integrals above are easily solvable, but the last one
needs a workaround through a change of variables cos θ =√
R2 − (x2 + y2)/R which will drive us to an elliptic integral of
the first kind:∫ y1
0
√
cos θ
dy
R
= A
∫ arcsin( y1A )
0
cos3/2 θdθ. (15)
The solution to this integral can be approximated by hyper-
geometric expansion, giving a final expression of∫ y1
−y1
I (μ)dy
R
= 2I (1)
[
1 − ε
R
y1 + ε
πy21
4R2
− ωy1
R
+ ω
y
3/2
1
R3/2
× 0.874019
]
. (16)
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Evaluating the stellar flux accounting for this LD law will
result in
F +ν =
∮
I (μ) cos(θ )dΩ = 2π
∫ π/2
0
I (1)[(1 − ε) + ε cos θ
− ω + ω
√
cos θ] cos θ sin θdθ
F +ν = I (1)π
(
1 − ε
3
− ω
5
)
. (17)
Finally, combining expressions (16) and (17) will result in
the rotation profile for the square-root LD law:
G(α) = c1
αL
[
1 −
(
α
αL
)2]1/2
+
c2
αL
[
1 −
(
α
αL
)2]3/4
+
c3
αL
[
1 −
(
α
αL
)2]
, (18)
where the coefficients c1, c2, and c3 are given by
c1 = 2
π
(
1 − ε − ω
1 − ε3 − ω5
)
(19)
c2 = 2
π
(
0.874ω
1 − ε3 − ω5
)
(20)
c3 = 12
(
ε
1 − ε3 − ω5
)
. (21)
Based on this expression for the square-root rotation profile,
its cosine FT will be
F(G(α)) =
∫ 1
−1
G(α) cos 2πσαdα
F(G(α)) = 2c1
∫ 1
0
(1 − α2)1/2 cos 2πσαdα
+ 2c2
∫ 1
0
(1 − α2)3/4 cos 2πσαdα
+ 2c3
∫ 1
0
(1 − α2) cos 2πσαdα
F(G(α)) = c1 J1(2πσ )2σ + c2
1
π3/4σ 5/4
J5/4(2πσ )Γ
(
7
4
)
+ c3
1
π2σ 2
(
sin 2πσ
2πσ
− cos 2πσ
)
. (22)
4.3. Logarithmic LD Law
Klinglesmith & Sobieski (1970) have proposed a logarithmic
LD law with the form
I (μ) = I (1) [1 − ε(1 − μ) − ωμ ln μ] . (23)
Integrating this law yields∫ y1
−y1
I (μ)dy
R
= 2I (1)
[ ∫ y1
0
(1 − ε)dy
R
+
∫ y1
0
ε cos θ
dy
R
−
∫ y1
0
ω cos θ ln cos θ
dy
R
]
∫ y1
−y1
I (μ)dy
R
= 2I (1)
[
1 − ε
R
y1 +
επ
4R2
y21 +
0.3863 × ωπ
8R2
y21
− ωπ
4R2
y21 ln
y1
R
]
.
Assuming that y1 = R(1 − y2)1/2 (Gray 1976), then∫ y1
−y1
I (μ)dy
R
= 2I (1)
[
(1 − ε)(1 − y2)1/2 + επ + 0.193ωπ
4
× (1 − y2) − ωπ
8
(1 − y2) ln (1 − y2)
]
.
(24)
The flux for this LD law will be
F +ν =
∮
I (μ) cos(θ )dΩ = 2π
∫ π/2
0
I (1)[(1 − ε) + ε cos θ
− ω cos θ ln cos θ ] cos θ sin θdθ
F +ν = I (1)π
(
1 − ε
3
+
2ω
9
)
. (25)
Combining expressions (24) and (25) will result in the rotation
profile for the square-root LD law:
G(α) = c1
αL
[
1 −
(
α
αL
)2]1/2
+
c2
αL
[
1 −
(
α
αL
)2]
+
c3
αL
[
1 −
(
α
αL
)2]
ln
[
1 −
(
α
αL
)2]
, (26)
where the coefficients are:
c1 = 2
π
(
1 − ε
1 − ε3 + 2ω9
)
(27)
c2 = 12
(
ε + 0.193ω
1 − ε3 + 2ω9
)
(28)
c3 = −14
(
ω
1 − ε3 + 2ω9
)
. (29)
The cosine FT of the logarithmic profile is:
F(G(α)) =
∫ 1
−1
G(α) cos 2πσαdα
F(G(α)) = 2c1
∫ 1
0
(1 − α2)1/2 cos 2πσαdα
+ 2c2
∫ 1
0
(1 − α2) cos 2πσαdα
+ 2c3
∫ 1
0
(1 − α2) ln(1 − α2) cos 2πσαdα. (30)
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Figure 2. (a) Rotation profiles for the linear, quadratic, square-root, and logarithmic LD laws evaluated for Teff = 15,000 K and log g = 3.5 dex. (b) Fourier transforms
of the rotation profiles.
Table 4
Limb-darkening (LD) Coefficients Obtained for Each Law
LD Law C1 C2 C3
Linear 2
π
(
1−ε
1− ε3
)
1
2
(
ε
1− ε3
)
. . .
Quadratic 2
π
(
1−ε−ω
1− ε3 − ω6
)
1
2
(
ε+2ω
1− ε3 − ω6
)
− 43π
(
ω
1− ε3 − ω6
)
Square-root 2
π
(
1−ε−ω
1− ε3 − ω5
)
2
π
(
0.874ω
1− ε3 − ω5
)
1
2
(
ε
1− ε3 − ω5
)
Logarithmic 2
π
(
1−ε
1− ε3 + 2ω9
)
1
2
(
ε+0.193ω
1− ε3 + 2ω9
)
− 14
(
ω
1− ε3 + 2ω9
)
The first two integrals are straightforward, and the last integral
can be solved again with a hypergeometric series, so the FT is
F(G(α)) = c1
2σ
J1(2πσ ) + c2
π2σ 2
(
sin 2πσ
2πσ
− cos 2πσ
)
+
c3
π2σ 2
ζ cos 2πσ − c3
2π3σ 3
ζ sin 2πσ − c3
πσ 3/2
× J3/2(2πσ ) + 2c3
σ 1/2
(J1/2(2πσ ) + J5/2(2πσ )),
(31)
with
ζ = (3.44389 + ln σ 2). (32)
For comparison purposes, the rotation profiles for all the
studied LD laws and their FTs are shown in Figure 2. The
LD coefficients (ε, ω) have been evaluated for Teff = 15,000 K
and log g = 3.5 dex. The LD expressions for the c1, c2, and c3
coefficients obtained for each law are summarized in Table 4.
5. EFFECTS OF GRAVITY-DARKENING
ON LINE PROFILES
As shown in early works by von Zeipel (1924a, 1924b),
considering hot stars as uniformly rigid rotators where the inner
energy transport mechanism is purely radiative, the norm of the
radiative flux is proportional to the temperature gradient and, due
to the hydrostatic equilibrium condition, it is also proportional
to the pressure gradient. According to the Stefan–Boltzmann
law, the temperature scales with the stellar flux, thus the local
temperature for a rotating star with angular velocity Ω = ||
in a particular stellar colatitude θ is proportional to the surface
gravity (von Zeipel 1924a, 1924b):
Teff(Ω, θ ) = γ [geff(Ω, θ )]β , (33)
where β = 0.25 is the classical exponent for radiative stars. The
GD β exponent depends on the inner stellar physical conditions
and on the stellar surface temperature and has been quoted by
several authors (Lucy 1967; Espinosa-Lara & Rieutord 2012;
Claret 2012). The γ proportionality constant is (Maeder 2009)
γ = γ (L,M, Ω) =
[
L
4πσGM∗
]β
, (34)
with
M∗ = M
(
1 − Ω
2
2πGρ¯
)
, (35)
where ρ¯ stands for the mean stellar density, M is the total stellar
mass, L is the luminosity, and G is the gravitational constant.
Adopting the Roche model (Tassoul 1978), the gravitational
potential for a spheroid rotating with angular velocity Ω, mass
M, and radius R is given by
Φ(R, θ, Ω) = −GM
R
− 1
2
Ω2R2 sin2 θ, (36)
where the second term in the potential introduces the geometri-
cal flattening (GF) due to rotation. The polar radius is approxi-
mately
Rp
(
Ω
Ωc
)
Rp(0)
= 1 − 0.054
(
Ω
Ωc
)2
− 0.0547
(
Ω
Ωc
)4
, (37)
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Figure 3. Theoretical He i 4471 Å line profiles including gravity-darkening and geometrical flattening effects with Ω/Ωc  0.985. The crosses indicate the gravity
darkened model without limb-darkening. The dashed line stands for the linear limb-darkened profile. The dotted curve is the quadratic limb-darkened profile. The
dot–dashed curve is the square-root law and almost coincides with the logarithmic profile. All the limb-darkened profiles are affected by gravity-darkening. Panel (a):
line profiles with i = 80◦; panel (b): line profiles with i = 60◦; panel (c): line profiles with i = 30◦; panel (d): line profiles with i = 5◦.
where
Ωc =
(
8GM
27R3
) 1
2
(38)
is the critical angular velocity and Rp is the polar radius. The
radius at any location on the equipotential surface is given by
R(θ, ω) = 3Rp
ω sin θ
cos
(
π + arccos(ω sin θ )
3
)
. (39)
The local components of the gravity acceleration for each area
element are given by
gr = −∂Φ
∂r
= GM
Rp
2
(
− 1
x2
+
8
27
xω2 sin2 θ
)
gθ = −∂Φ
∂θ
= GM
Rp
2
(
8
27
xω2 sin θ cos θ
)
, (40)
where x = (R(θ )/Rp). The emergent spectrum is obtained from
the angle integration of all the intensities arising from visible
elements.
In order to evaluate the effects of GD, GF, and LD in the
shape of line profiles of fast rotating stars, we developed a C
code (named ZPEKTR) that considers the star to be a rigid
spheroid divided into a triangular mesh through a Dalaunay’s
triangularization algorithm. Such a choice is useful to render
the surface of the spheroid with triangles of nearly the same
dimensions from the stellar equator to the poles. This procedure
overcomes the deficiency of the traditional squared mesh where
the area elements located at the equator are normally bigger than
those at the poles.
Considering the star to be affected by GD, GF, and LD effects,
we calculated several models for stars with a mean superficial
temperature of T = 15,000 K, a mean surface gravity of
log g = 3.0 dex, von Zeipel’s exponent β = 0.25, and an
angular rotation rate of Ω/Ωc = 0.985. The models are allowed
to vary their aspect angle (Figure 3); in panel (a) it is set to
i = 80◦, in panel (b) i = 60◦, in panel (c) i = 30◦, and in panel
(d) i = 5◦. From Figure 3, panels (a) and (b), one sees that for
higher aspect angles i, where the star is seen near the stellar
equator, the limb darkened profiles (linear, quadratic, square-
root, and logarithmic) diverge from each other along the whole
profile. As the aspect angle lowers (panels (c) and (d)) all the
line profiles match and differ only in the core region of the line
in the same way as the classical case without GD (Figures 3
and 4).
6. LINE BROADENING IN ACHERNAR
In what follows, we present an application of the aforemen-
tioned FT expressions to the rapid rotator Achernar (HD 10144,
α Eri). This star is a well known fast rotator (Rivinius et al.
2013; Domiciano de Souza et al. 2012; Vinicius et al. 2006;
Levenhagen & Leister 2004) and will be useful in testing the
V sin i estimation with the FT method under different LD laws.
Since Achernar is a rapid rotator, it is expected that at each
stellar colatitude a different set of LD coefficients will be held
as a function of local temperature and surface gravity. Also as
this object rotates near its breakup limit (Rivinius et al. 2013),
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Figure 4. He i 4471 Å line profiles evaluated from the convolution of rotation
profiles with an NLTE model spectrum at V sin i = 0 km s−1. The rotation
profiles are built up with each of the studied LD laws. We neglected in this case
the GD/GF effects and V sin i = 223 km s−1. It is worth noticing the excellent
match for all the lines, with only minor differences at the core of the line profiles.
the analysis should also take into account both the effects of the
GF and GD as well. Although the effects of LD on V sin i are
expected to be much less than rotation itself for fast rotating
stars, the inclusion of LD in the models could lead to small but
significant changes in the derived mass loss rates from wind
models of hot stars (Cranmer & Owocki 1995).
We start by first neglecting the GD and GF effects on
the line profiles and apply the FT method with the four LD
laws (linear, quadratic, square-root, and logarithmic). For this
purpose, we adopt the LD data by Claret (2004), based on
ATLAS9 models. These data are tabulated as a function of
Teff , log g, metallicity, and wavelength and has been chosen
among other LD coefficient tables due to the very large range
of parameters (Teff = 3500–50,000 K, log g = 0–5 dex and
[M/H] = −5 to +1). Assuming for Achernar an effective
temperature of Teff = 15,000 K and a surface gravity of log g =
3.6 dex (Levenhagen & Leister 2004; Levenhagen & Leister
2006), the interpolation of LD tabulated coefficients for each law
is achieved with the help of the JKTEBOP code (Southworth
et al. 2004), which yields the LD coefficients centered at the
wavelengths of the Sloan Digital Sky Survey-ugriz system (Su =
3551 Å, Sg = 4686 Å, Sr = 6165 Å, Si = 7481 Å and Sz =
8931 Å). After that, we perform trilinear interpolation (fixing
a solar metallicity, [M/H] = 0.02, we assume Teff = 15000 K
and log g = 3.6 dex) to get the LD coefficients (ε, ω) for each
of the wavelengths of the helium lines studied (He i λλ3926,
4009, 4026, 4144, 4388, 4471, 4713, 4922, 5015 Å). From these
coefficients (ε, ω) we get the c1, c2, and c3 coefficients (using
the expressions in Table 2), which allow us to evaluate the
rotation profiles for each LD law (Figure 4). The first zero of the
FT of these rotation profiles gives the V sin i estimate without
taking into account GD and GF. Within the wavelength range
of FEROS spectra, there are two more helium transitions that
could also be studied: He i λ6678 Å and He i λ7774 Å. The He i
λ6678 Å has not been included in the analysis due to problems
at the continuum near the blue wing. The He i λ7774 Å was not
included in this study since it is formed from the contribution
of three strong transitions within the line, which leads to an
FWHM almost two times higher than that of He i λ4471 Å.
In a second scenario, we perform the V sin i estimation taking
into account both GD and GF using our code ZPEKTR. With
ZPEKTR, we divide the stellar surface into a triangular mesh
with nearly 120,000 area elements, each one with its own set
of colatitude-dependent parameters (Teff , log g, velocity field,
radius) and LD coefficients (ε, ω). The resulting V sin i values
for each LD law are shown in Figure 5.
It can be seen from Figure 5 that, without GD and GF
effects, all the LD approximations yield V sin i estimates that
are very near each other for all the line profiles studied. For
instance, looking at the He i λ4471 Å, without GD and GF,
we have 〈V sin i〉lin = 228 km s−1, 〈V sin i〉quad = 225 km s−1,
〈V sin i〉sqrt = 224 km s−1, and 〈V sin i〉log = 226 km s−1. These
V sin i represent classical values, in agreement to those found
by Slettebak (1982), Vinicius et al. (2006), and Levenhagen &
Leister (2004, 2006), and with a V sin i fluctuation below 2%
among the values for all laws.
On the other hand, considering both the GD and GF effects,
we have higher values (Figure 5), as 〈V sin i〉gd+lin = 245 km s−1,
〈V sin i〉gd+quad = 253 km s−1, 〈V sin i〉gd+sqrt = 250 km s−1, and
〈V sin i〉gd+log = 251 km s−1. Here the GD correction induces
a ∼3% change in the V sin i best fit values. The best set of
parameters for the GD+GF model comprises a polar radius of
Rp = 7.63 R
, an equatorial radius of Re = 8.79 R
, a mass
of M/M
 = 6.73, and an aspect angle of i = 72◦ (Figure 6).
In these calculations, we assumed the von Zeipel’s β exponent
to be β = 0.25, since it is a hot star with a mostly radiative
envelope. Recent studies (Claret 2012; Che et al. 2011) point
out the β exponent to be lower than this value for Achernar,
β = 0.2. Accounting for this lower β value, the GD + LD
corrections lead to even higher V sin i values by 8 km s−1 for all
the studied line profiles.
7. UNCERTAINTY SOURCES IN V sin i ESTIMATIONS
There are many sources of errors involved in the V sin i
estimations. One important uncertainty comes from the LD
coefficients themselves. To infer the extent to which the LD
coefficients affect the V sin i evaluation, we convolved an NLTE
synthetic He i λ4471 Å line profile with a null rotation velocity
with a grid of rotation profiles at V sin i = 50, 100, 150,
200, 250 km s−1. Assuming the range of apparent effective
temperatures of Achernar to vary from 14,400 K to 15,600 and
log g from 3.5 dex to 3.7 dex (Levenhagen & Leister 2006),
we determined the extremum values for the LD coefficients ε
and ω for each LD law. As expected, the errors in the rotation
velocity are directly proportional to the line broadening. The
uncertainties in V sin i corrected for GD, rotational flattening
and LD together are of the order of 5% for Achernar, and have
been inferred directly from the fittings.
The determination of the local continuum for each line profile
is also a very important source of uncertainties in V sin i values.
A small change in the continuum level can lead to distortions
in the shapes of line profiles, for instance in the line wings,
and can affect the positions of the zero for FTs. One way to
estimate the error related to the local continuum was to compare
the equivalent widths of the observed lines with those from
Chauville et al. (2001). We estimated an error associated with
the continuum placement of approximately 2%.
The sampling frequency is also another important limiting
factor in V sin i evaluation. Considering this frequency to be
σN = (1/2Δλ) and considering the FEROS spectral resolu-
tion (R  48,000), we have a reciprocal dispersion around
4471 Å of 0.093 Å/pixel and so σN  5.38 Å−1. This implies a
lowest V sin i limit value of 8 km s−1, i.e., rotational velocities
below this limit cannot be detected at this resolution.
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Figure 5. Rotation velocities (V sin i) evaluated for nine He i line profiles of the star Achernar with four LD laws (linear, quadratic, square-root, and logarithmic).
Neglecting the GD effects, the mean V sin i occurs around 225 km s−1. Taking into account GD (assuming β = 0.25) and GF, the mean V sin i rises to around
245 km s−1. Without GD, the mean velocities from the four laws assume values quite similar. With GD + geometrical flattening, the linear LD law yields the lower
V sin i while the quadratic approximation gives an upper limit. The square-root and logarithmic laws give V sin i between these limits.
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Figure 6. Best fit of the observed (a) He i 4026 Å, (b) He i 4471 Å/Mg ii 4481 Å, (c) He i 4922 Å, and (d) He i 5015 Å line profiles of Achernar with model spectra
including GD and linear LD effects. The solid curve is the observed spectrum. The crosses stand for the GD model with linear LD. The best fit model is achieved with
a polar radius of Rp = 7.63 R
, an equatorial radius of Re = 8.79 R
, a mass of M/M
 = 6.73, and an aspect angle of i = 72◦, assuming the gravity-darkening
exponent β = 0.25. The projected rotational velocity, corrected for gravity-darkening and linear limb-darkening, is V sin i = 245 km s−1at 4471 Å.
8. DISCUSSION
In this work, we bring new mathematical expressions of
rotation profiles and their cosine FTs under nonlinear LD laws,
which are useful for further V sin i evaluations from FTs of line
profiles. The linear LD law was the first mathematical relation
used in the FT method to derive the rotation profile G(Δλ)
and V sin i (Gray 1976). As pointed out by Grygar (1965) and
Shul’berg (1973), the linear law is not accurate enough for the
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fitting of intensities along the stellar surface of hot stars and
works well for cold stars where the atmospheres can be taken as
nearly gray. In these cases, the intensities of hot stars are better
reproduced by nonlinear LD laws (Klinglesmith & Sobieski
1970; Wade & Rucinski 1985).
We apply the FT method to the Be star Achernar (HD 10144,
α Eri), an emission B-type star vastly explored in past decades
(Slettebak 1982) and again recently through inteferometry
(Domiciano de Souza et al. 2012). We search forV sin i estimates
using the FT method applied to He i λλ3926, 4009, 4026,
4144, 4388, 4471, 4713, 4922, 5015 Å line profiles. In general,
without taking into account the GD and GF effects, linear and
nonlinear LD laws furnish nearly the same V sin i values within
an error of nearly 5%.
Accounting for GD and GF, the V sin i values are more
dependent on the LD approximation. According to Figure 3,
for high rotation rates and viewing the star equator-on, the
line profiles differ for each LD approximation. This is due to
the colatitude-dependence of the local temperatures, leading to
specific LD coefficient values for each surface element in the
stellar grid.
Taking for instance the case of Achernar and focusing on the
He i λ4471 Å , the linear LD + GD approximation (assuming
β = 0.25) yields a lower limit for V sin i of 245 km s−1.
The nonlinear laws (quadratic, square-root, logarithimic) give
slightly higher estimates, near 253 km s−1, with an error of
nearly 5% in V sin i . The same phenomenon appears for the
remaining He i line profiles studied, as shown in Figure 5.
Analyzing theV sin i data corrected for the effects of fast rotation
in Fre´mat et al. (2005), the mean error in V sin i for stars similar
to Achernar are of the order of 5.6%. Considering the LD +
GD with von Zeipel’s β = 0.2 we achieve slightly higher
V sin i values by 8 km s−1.
One additional source of error in V sin i that has not been
addressed in this work is the velocity change over the years
recently reported by Rivinius et al. (2013) and attributed to
dynamic changes in the disk emission.
It is worth noticing that the LD coefficients interpolated from
Claret’s (2004) work (and used to build-up the broadening
functions) are constant for wavelengths within the helium line
profiles. According to Collins & Truax (1995), the line profiles
in the visible spectrum of main-sequence fast rotating stars lie
on the Rayleigh–Jeans tail of the spectral energy distribution.
This implies small values for the source function gradient and
so it can lead to important underestimations in the V sin i values
(Vinicius et al. 2006).
Finally, we can conclude that the V sin i deviations introduced
by the LD corrections are not very sensitive to the choice of
LD law for slow rotators or fast rotators seen pole-on, but
for fast rotating hot stars viewed near the stellar equator they
may become significant. The indiscriminate use of linear LD
approximations with the FT method in these cases may result in
V sin i underestimations.
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